SARKISOV PROGRAM FOR ALGEBRAICALLY INTEGRABLE AND
THREEFOLD FOLIATIONS
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ABSTRACT. By applying the theory of the minimal model program for adjoint foliated
structures, we establish the Sarkisov program for algebraically integrable foliations on
klt varieties: any two Mori fiber spaces of such structure are connected by a sequence
of Sarkisov links. Combining with a result of R. Mascharak, we establish the Sarkisov
program for foliations in dimension at most 3 with mild singularities. Log version and
adjoint foliated version of the aforementioned Sarkisov programs are also established.
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1. INTRODUCTION

We work over the field of complex numbers C.

Sarkisov program of varieties. Let X be an uniruled smooth projective variety.
The minimal model program (MMP) predicts that, after running a Kx-MMP, that is,
a sequence of K x-divisorial contractions and flips X --+ X', one should obtain a Mori
fiber space X’ — Z, i.e., a fibration such that dim X’ > dim Z, — K- is ample/Z, and
p(X'/Z) = 1. The existence of such a fibration follows from running a Kx-MMP with
scaling of an ample divisor (cf. [BCHMI10, Corollary 1.4.2]), though the resulting Mori
fiber space is generally not unique. For instance, the Hirzebruch surface X := F; admits
a natural P'-fibration structure, which is a Kx-Mori fiber space, yet there also exists a
Kx-MMP step X — P2, where P? — {pt} is another Mori fiber space.
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This non-uniqueness naturally raises the question of how different Mori fiber spaces of
X are related. The study of such connections, now known as the Sarkisov program, was
initiated by Sarkisov [Sar80, Sar82] in his work on conic bundles over surfaces. The theory
was further developed by Corti [Cor95], Iskovskikh [Isk96], and Bruno-Matsuki [BM97],
among others, in the context of the MMP for kit pairs. Roughly speaking, the Sarkisov
program aims to decompose any birational map X; --+ X5 between Mori fiber spaces into
a sequence of elementary birational transformations called Sarkisov links (see Definition
3.3 for a precise description). This decomposition plays an important role in the study of
the birational automorphism groups of Mori fiber spaces associated with Fano varieties
and the study of higher-dimensional Cremona groups (cf. [Isk91, TKT93, Isk96, 1.Z20,
BLZ21]).

Following the proof of the existence of the minimal model program for klt varieties
[BCHM10], Hacon and M°Kernan [HM13, Theorem 1.1] showed that any two Mori fiber
spaces X1 — Z; and Xy — Z5 that are outputs of a Kx-MMP are connected by a sequence
of Sarkisov links. An alternative proof was given in an unpublished note of Hacon [Hac12],
which was later reformulated to obtain the Sarkisov program for generalized pairs by
the second author [Liu2l1] (see [CW25] by the first and the third author for a survey).
Variations of the Sarkisov program have since been developed in several directions, such as
the group-equivariant Sarkisov program [F1020] and the Sarkisov program in positive and
mixed characteristics for low-dimensional varieties [BFSZ24]. For further related work,
we refer the reader to [Kall3, Miy19, FP22, He24].

Sarkisov program for foliations. In recent years, there has been substantial progress
in establishing the foundations of the minimal model program (MMP) for algebraically
integrable foliations and threefold foliations. For an lc foliation F of rank r on a klt
variety X of dimension d, the existence of a Kz-MMP (i.e. the cone theorem, contraction
theorem, and existence of flips) has been established when d = 3 [McQ08, Brul5], when
(r,d) = (2,3) and F is Q-factorial F-dlt [Spi20, CS21, SS22|, when (r,d) = (1,3) and X is
Q-factorial [CS25], and when F is algebraically integrable, regardless of (r,d) [CHLX23,
LMX24, CHLMSSX24].

Given these developments, it becomes natural to investigate whether the Sarkisov
program admits a counterpart for foliations. Just as the classical Sarkisov program
is deeply connected to the study of birational automorphism groups of Fano varieties,
its foliated version is expected to play an important role in understanding birational
automorphism groups of foliations. A recent work by R. Mascharak [Mas24, Theorem 1.1]
has established the Sarkisov program for foliations for the case (r,d) = (2,3), assuming
that F has mild singularities (Q-factorial foliated F-dlt). While not explicitly stated, the
methods employed in the proof extend naturally to the (r,d) = (1,2) case. However,
the (r,d) = (1,3) case remains largely open due to the failure of Bertini-type theorems,
despite some partial results, e.g., [Mas24, Theorem 1.3].

Flops connect minimal models. It is also worth mentioning another case. When the
(log) canonical divisor is pseudo-effective, the MMP predicts that the process ends with
a minimal model. Such minimal models are in general not unique. Kawamata proved
that for terminal pairs, any two minimal models can be connected by a sequence of
flops [KKaw(08]. Similar results hold for generalized lc pairs [Has20],[Cha24]. Furthermore,
analogous statements have been established for some algebraically integrable and threefold

foliations [CLW25],[JV23].
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The first goal of this paper is to establish the Sarkisov program for rank 1 lc foliations
on Q-factorial klt threefolds.

Theorem 1.1. Sarkisov program holds for lc foliations of rank 1 on Q-factorial projective
klt threefolds. More precisely, let F be an lc foliation of rank 1 on a Q-factorial projective
kit threefold X. For i € {1,2}, let (X,F) --» (X;, F;) be two Kr-MMPs and let f; :
Xi; — Z; be Kr,-Mori fiber spaces. Then the fi and fs are connected by a finite sequence
of Sarkisov links.

Combining with [Mas24, Theorem 1.1], we obtain the Sarkisov program in dimension
< 3 for foliations with mild singularities. Here “mild” stands for “lc foliations on Q-
factorial klt varieties” unless rank F = 2 and dim X = 3, and stands for “Q-factorial
F-dlt foliations” ([CS21, Definition 3.1]) if rank F = 2 and dim X = 3. In either case,
these foliations are always outputs of foliated log smooth foliations.

We have the following precise result:

Theorem 1.2. Sarkisov program holds for foliated log smooth foliations in dimension
< 3.

Theorem 1.1 is actually a very special case of the following result on the Sarkisov
program for QQ-factorial klt algebraically integrable adjoint foliated structures.

Theorem 1.3. Sarkisov program holds for lc algebraically integrable adjoint foliated
structures (see Definition 2.5) on Q-factorial klt varieties. More precisely:

Let Ay /U be an lc algebraically integrable adjoint foliated structure whose ambient
variety W is Q-factorial klt. Let g : W --» X, ¢ : W --» X' be two Ky,,-MMPs/U,
A:=gllAw, A =g Aw, and let f: X — Z, '+ X' — Z' be a Ky-Mori fiber space/U
and a Ky -Mori fiber space/U respectively. Then the f and f’ are connected by a finite
sequence of Sarkisov links/U.

As a special case of Theorem 1.3, we obtain:

Theorem 1.4. Sarkisov program holds for lc algebraically integrable foliations on Q-
factorial klt varieties.

We outline the key ideas in the proof of Theorem 1.1. First we take a terminal common
resolution 2y, of two Mori fiber spaces f : X — Z, f' : X' — Z', and take two ample
R-Cartier R-divisor L, R on X, X’ respectively, then X (resp. X’) is the ample model of
(2w, L) (resp. (Aw, R)). The Sarkisov program constructs f; : X; — Z; inductively such
that X; is a weak lc model of (yy, LL+ r,ﬁ), and X; --+ X;, is a Sarkisov link.

The main challenge in establishing the Sarkisov program for rank 1 foliations on
threefolds is the failure of Bertini-type theorems [Mas24]. While recent advances in the
minimal model program for foliations suggest that such failures can often be circumvented
by working with generalized foliated quadruples [LLM23, CHLX23, LMX24] via the simple
trick of incorporating the auxiliary ample divisor into the nef part, this approach is
ineffective for the Sarkisov program. There are two major difficulties: First, the foliation
in the Sarkisov program cannot be assumed to be klt, so the classical strategy of [HM13] is
inapplicable, and we do not have a good understanding on the geometry of ample models
of foliations. Second, the alternative approach “Sarkisov program with double scaling”
from [Liu21] fails because terminalizations usually do not exist for lc foliations.

To overcome these difficulties, in this paper, we shall use the theory of adjoint foliated
structures instead. The crucial observation is that any Kz-MMP can be viewed as a
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(tKr + (1 —t)Kx + A)-MMP for some 0 < 1 —¢ < 1 and an ample R-divisor A,
where (X, F,0,A,t) forms a klt adjoint foliated structure. In this case, we can replace
the category of “lc foliations on klt varieties” with the category of “klt adjoint foliated
structures”. The latter is a more technical and complicated category, but thanks to the
recent development on the minimal model program for algebraically integrable adjoint
foliated structures [CHLMSSX24, CHLMSSX25], we can apply the arguments as in [Liu21]
to deduce the corresponding Sarkisov program (Theorem 1.3). We conclude by noting
that all rank 1 foliations appearing in the Sarkisov program for potentially klt varieties
have non-pseudo-effective canonical bundles and are consequently algebraically integrable

[CP19, ACSS21].
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2. PRELIMINARIES

We will adopt the standard notation and definitions on MMP in [KM98, BCHM10]
and use them freely. For adjoint foliated structures, generalized foliated quadruples,
foliated triples, foliations, and generalized pairs, we adopt the notation and definitions
in [CHLMSSX24, CHLMSSX25] which generally align with [LLM23, CHLX23] (for
generalized foliated quadruples), [ACSS21, CS21, CS25] (for foliations and foliated
triples), and [BZ16, HL23| (for generalized pairs and b-divisors), possibly with minor
differences.

2.1. Notation.

Definition 2.1. A contraction is a projective morphism of varieties f: X — Y such that
f+Ox = Oy. When X, Y are normal, the condition f,Ox = Oy is equivalent to the fibers
of f being connected.

Notation 2.2. Let h: X --+ X’ be a birational map between normal varieties. By
abusing notation, we denote by Exc(h) the reduced divisor supported on the codimension
one part of the exceptional locus of h.

Definition 2.3 (NQC). Let X — U be a projective morphism between normal quasi-
projective varieties. Let D be a nef R-Cartier R-divisor on X and M a nef b-divisor
on X. We say that D is NQC /U if D = > d;D;, where each d; > 0 and each D; is a
nef/U Cartier divisor. Here NQC stands for “Nef Q-Cartier Combinations”, cf. [HL22,
Definition 2.15]. We say that M is NQC /U if M = ) 1;M;, where each p; > 0 and each
M; is a nef/U b-Cartier b-divisor.

2.2. Adjoint foliated structures.
Definition 2.4 (Foliations, cf. [Brulb, ACSS21, CS21]). Let X be a normal variety. A

foliation on X is a coherent sheaf F C T'x such that

(1) F is saturated in Ty, i.e. T /F is torsion free, and
(2) F is closed under the Lie bracket.
The rank of a foliation F on a variety X is the rank of F as a sheaf and is denoted by
rank F. The co-rank of F is dim X —rank F. The canonical divisor of F is a divisor Kz
such that Ox(—Kx) = det(F). If F = 0, then we say that F is a foliation by points.
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Given any dominant map h : Y --» X and a foliation F on X, we denote by h~1F the
pullback of F on Y as constructed in [Dru2l, 3.2] and say that h™'F is induced by F.
Given any birational map g : X --+ X', we denote by ¢,F := (¢ !)"'F the pushforward
of F on X’ and also say that g,F is induced by F. We say that F is an algebraically
integrable foliation if there exists a dominant map f : X --» Z such that F = f~1F,,
where F is the foliation by points on Z, and we say that F is induced by f.

A subvariety S C X is called F-invariant if for any open subset U C X and any section
0 € HY(U, F), we have d(Zsny) C Zsnu, where Zgny denotes the ideal sheaf of SNU in U.
For any prime divisor P on X, we define ex(P) := 1 if P is not F-invariant and ex(P) := 0
if P is F-invariant. For any prime divisor £ over X, we define ex(E) := €z, (E) where
h:Y --» X is a birational map such that F is on Y and Fy := h~L.F.

If foliation structure F on X is clear in the context, then given an R-divisor D =
Zle a;D; where each D; is a prime divisor, we denote by D™ := " ex(D;)a;D; the
non-F-invariant part of D and D™ := D — D™ the F-invariant part of D.

Definition 2.5. An adjoint foliated structure A/U = (X, F, B,M,t)/U is the datum of
a normal quasi-projective variety X, a projective morphism X — U, a foliation F on X,
an R-divisor B > 0 on X, a b-divisor M nef/U, and a real number ¢ € [0, 1] such that

KQ{ = K(X,]—',B,M,t) = tK]: + (1 - t)KX + B + MX

is R-Cartier. Ky is called as the canonical R-divisor of 2. X, F, B,M,t are called the
ambient variety, foliation part, boundary part, nef part (or moduli part), and parameter
of A respectively. The R-divisor B + My is called the generalized boundary of 2. We say
that (/U is of general type if Ky is big/U.

For any R-divisor D on X and b-divisor N on X such that D 4+ Ny is R-Cartier and
M + N is nef/U, we denote by (A, D,N) := (X, F,B+ D, M+ N,t). If D =0 then we
may drop D, and if N = 0 then we may drop N. For any projective birational morphism
h: X" — X, we define

A = (X', F, B’ M, 1)
where F' := h™'F and B’ is the unique R-divisor such that Kj-q = h*Ky. For any
birational map/U ¢ : X --» Y which does not extract any divisor and any adjoint
foliated structure (/U on X, we define ¢.2/U to be the adjoint foliated structure such
that ¢, := (Y, ¢.F, 6. B, M, t) and say that ¢,2l is the image of 2 on Y. For any prime
divisor F on X', we denote by

a(E,2) := —multg B’
the discrepancy of E with respect to 2. The total minimal log discrepancy of A is
tmld(A) := inf{a(E,A) + tex(E)+ (1 —1t) | £ is over X}

We say that 2 is lc (resp. klt) if tmld(2() > 0 (resp. > 0). We say that 2 is terminal if
a(E,2) > 0 for any prime divisor F that is exceptional/ X . If we allow B to have negative
coefficients, then we add the prefix “sub-" for the types of singularities above.

When M = 0, and either t = 0 or F = T, we call (X, B)/U a pair. We say that
(X, F,B,M,t)/Uis NQC it Mis NQC/U. If B =0, orif M = 0, or if U is not important,
then we may drop B, M, U respectively. If U = {pt} then we also drop U and say that
(X, F,B,M,t) is projective. If we allow B to have negative coefficients, then we shall add
the prefix “sub-". If B is a Q-divisor, M is a Q-b-divisor, and t € QQ, then we shall add
the prefix “Q-".
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2.3. Birational maps in the MMP.

Definition 2.6. Let X — U be a projective morphism from a normal quasi-projective
variety to a variety. Let D be an R-Cartier R-divisor on X and ¢ : X --» X’ a birational
map/U. Then we say that X’ is a birational model of X. We say that ¢ is D-non-positive
(resp. D-negative, D-trivial, D-non-negative, D-positive) if the following conditions hold:

(1) ¢ does not extract any divisor.

(2) D' := ¢.D is R-Cartier.

(3) There exists a resolution of indeterminacy p : W — X and ¢ : W — X, such that

p*D=q¢*D' + F
where F' > 0 (resp. F' > 0 and Suppp,F = Exc(¢), FF =0,0> F, 0 > F and
Supp p. F' = Exc(¢)).

Definition 2.7. Let f : X — Z be a contraction/U between normal quasi-projective
varieties, and D an R-Cartier R-divisor on X. f is called a D-Mori fiber space if dim X >
dimZ, p(X/Z) = 1, and D is anti-ample/Z. If f is a D-Mori fiber space for some D,
then we say that f is a Mori fiber space.

Definition 2.8. Let X — U be a projective morphism from a normal quasi-projective
variety to a variety. Let D be an R-Cartier R-divisor on X, ¢ : X --+ X’ a D-non-positive
birational map/U, and D' := ¢, D.

(1) If D" is nef/U, then X’ is called a weak lc model /U of D.

(2) If D" is nef/U and ¢ is D-negative, then X' is called a minimal model /U of D.

(3) If ¢ is D-negative and D’ is semi-ample/U, then X' is called a good minimal
model /U of D.

(4) Assume that there exists a contraction/Z f : X' — Z that is a D’-Mori fiber
space, and ¢ is D-negative. Then f is called a Mori fiber space/U of D.

Definition 2.9. Let 2(/U be an adjoint foliated structure with ambient variety X and
let ¢ : X --» X’ be a birational map/U. Let A" := ¢, 2. We say that /U is weak lc
model (resp. minimal model, good minimal model) of A/U if X' is a weak lc model /U
(resp. minimal model/U, good minimal model/U) of Ky. A contraction/U f: X' — Z
is called a Mori fiber space of 2/U if f is a Mori fiber space/U of Ky. We say that f is
Q-factorial if X' is Q-factorial.

Definition 2.10 (cf. [ACSS21, 3.2 Log canonical foliated pairs], [CHLX23, Definition
6.2.1]). Let A/U := (X,F,B,M,t)/U be an algebraically integrable adjoint foliated
structure. We say that 2 is foliated log smooth if there exists a contraction f: X — Z
satisfying the following.

(1) X has at most quotient toric singularities.

(2) F is induced by f.

(3) (X,Xx) is toroidal for some reduced divisor Xx such that Supp B C Xx. In
particular, (X, Supp B) is toroidal, and X is Q-factorial klt.

(4) There exists a log smooth pair (Z,¥7) such that

f : (X, Ex) — (Z,Ez)

is an equidimensional toroidal contraction.
(5) M descends to X.
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We say that f: (X,Xx) — (Z,372) is associated with (X, F, B,M,t). It is important to
remark that f may not be a contraction/U. In particular, M may not be nef/Z.

Note that the definition of foliated log smooth has nothing to do with ¢. In other words,
as long as (X, F, B,M) is foliated log smooth, (X, F, B, M, t) is foliated log smooth.

Definition 2.11 (Foliated log resolutions). Let A/U = (X,F,B,M,t)/U be an
algebraically integrable sub-adjoint foliated structure. A foliated log resolution of 2 is
a birational morphism h : X’ — X such that

(X' F':=h'F,B = h;'B + Exc(h), M, 1)

is foliated log smooth. By [CHLX23, Lemma 6.2.4], foliated log resolution for 2 always
exists.

2.4. Terminalization.

Lemma 2.12. Let A/U = (X, F,B,M,t) be an algebraically integrable sub-adjoint
foliated structure. If t =1 and F # Tx, then 2 is not sub-klt.

Proof. There exists an F-invariant divisor D on X such that D is not a component of
Supp B. We have a(D, ) = 0, so 2 is not sub-klt. d

Lemma 2.13. Let A/U be a sub-klt algebraically integrable sub-adjoint foliated structure
with ambient variety X. Then

So :={F | F is exceptional/ X,a(F,2) <0}
is a finite set.

Proof. After possibly replacing 24 with a foliated log resolution, we may assume that
A = (X, F,B,M,t) is foliated log smooth, and then we may assume that M = 0. We
may assume that dim X > 2.

If t =1, by Lemma 2.12, we have F = T, and 2 is a usual klt pair (X, B). Take a
log resolution ¢ : (Y, By) — (X, B) with Ky + By = ¢*(Kx + B). Furthermore, assume
that By = By — By, where By, By, > 0 has no common component and all irreducible
components of By are disjoint. Then (Y, By) is terminal and any exceptional divisor over
X with non-positive discrepancy is a component of By. Therefore the set is finite. See
also [BCHM10, Corollary 1.4.3].

Assume t < 1. Let f: (X,YXx) — (Z,%2) be a contraction associated with (X, F, B, t)
and let ¥% 3% be the horizontal/Z and vertical /Z part respectively. Since 2 is klt, there
exists a real number € € (0, 1) such that

(1—e)(Z% + (1 -1)%%) > B.
After possibly replacing B, we may assume that (1 —€)(3% + (1 — #)X%) = B. Then we
have
Ky=t(Kr+(1—e)%h) + (1 -t)(Kx + (1 —€)Xx).
Let
A= (1-e%h + (1 —e+te)y,
then (X, A) is klt, and by [ACSS21, Proposition 3.6], we have
KX + A ~R,Z KQ[
Note that the set

S :={F | E is exceptional /X, a(F, X, A) < 0}
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is a finite set. Now for any prime divisor F' that is exceptional /X and a(F,2d) < 0, there
are two possibilities:

Case 1. V := centery F' dominates Z. Let g : X’ — X be a birational morphism such
that F'is on X', A" := ¢*A, and Kx, + A’ := g*(Kx + A). Then over the generic point
of V we have Kx, + A’ = Ky and Kx + A = Ky, hence

a(F,A) =a(F,A) =a(F, X', A") = a(F, X, A).
Therefore, F' € S.

Case 2. V := centerx F' does not dominate Z. Then F' is F-invariant. Since (X, F, B)
is foliated log smooth, a(F, X, F, (1 — €)¥%) > 0. Since a(F,2) <0,

a(F, X, A) <a(F,X,(1—-€)Xx) <0
by linearity of discrepancies. Thus F' € S.

So Sy C S is a finite set and we are done. O

Lemma 2.14. Let /U be a terminal and kit algebraically integrable sub-adjoint foliated
structure with ambient variety X and parametert < 1, and D > 0 an R-Cartier R-divisor
on X. Then (U, eD) is terminal and kit for any 0 < e < 1.

Proof. By [CHLMSSX25, Lemma 3.25], there exists €y > 0 such that (2, ¢yD) is klt. By
Lemma 2.13,

Sop = {F'| F is exceptional/ X, a(F, (™A, e D)) <0}
is a finite set. For any F' € Sy, there exists ez > 0 such that a(F, (™A, exD)) > 0. Now
(2, eD) is terminal for any 0 < € < ming{er}. O

Definition-Theorem 2.15. Let 2(/U be a klt algebraically integrable sub-adjoint foliated
structure with ambient variety X. Then there exists a projective birational morphism
h : X’ — X such that 2 := h*2 is Q-factorial terminal. The morphism h : A" — 2 is

called a Q-factorial terminalization of A. We also say that 2’ is Q-factorial terminalization
of 2.

Proof. By Lemma 2.13; Sy := {F | F' is exceptional/ X, a(F,2) < 0} is a finite set. By
[CHLMSSX25, Theorem 2.2.3], there exists a projective birational morphism b : X’ — X
such that X’ is Q-factorial and the divisors contracted by h are exactly the divisors in
Sy. Therefore, h satisfies our requirements. O

Definition 2.16. Let 2A/U and /U be two algebraically integrable adjoint foliated
structures with ambient varieties X and X’ respectively associated with birational map
¢ X --» X’ such that ' = ¢, 2. If

(1) ¢ does not extract any divisor,

(2) a(E,2A) < a(E,A) for any prime divisor E over X,
then we write 20 > 2.

Lemma 2.17. Let A/U and A" /U be two algebraically integrable adjoint foliated structures
with ambient varieties X and X' respectively associated with birational map ¢ : X --+ X'
such that A" = ¢, A. Let h : A" — A" be a Q-factorial terminalization of A’ and X" the
ambient variety of A”.

Assume that Ky is nef/U, ¢ does not extract any divisor, A is terminal, and a(E, ) <
a(E,A") for any prime divisor E on X. Then A > ', A is klt, and ¢ : X --+ X" does
not extract any divisor.
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Proof. Let p: W — X and ¢ : W — X’ be a resolution of indeterminacy of ¢ and write
p*Ky = ¢* Ky + D for some D. Since a(E,2l) < a(E,2") for any prime divisor E on X,
p.D > 0. Since D is anti-nef/ X, by the negativity lemma, D > 0. Thus 2 > 2" and 2’
is klt.

Suppose that ¢ extracts a prime divisor £, then E is exceptional /X and exceptional / X”.
Since 2l is terminal,

0<a(E,2A) <a(E,A)<0

which is not possible. O

Lemma 2.18. Let A/U be a klt algebraically integrable adjoint foliated structure and let
fi o Xi = Z;, 1 € {1,2} be two Q-factorial Mori fiber spaces of A/U associated with
birational maps ¢; : X --+ X;. Let A; = (¢;).2L.

Then there exists a Q-factorial terminal algebraically integrable adjoint foliated structure
21/U with ambient variety X and projective birational morphisms h; - X — X;, i € {1,2},
such that M descends to X, and h; can be decomposed into a sequence of steps of a Kg-
MMP/U, and (h;).24 = 2;. In particular, each h; is Kg-negative.

Proof. Write 21 = (X, F, B,M,t) and let g : X — X be a foliated log resolution of %A,

such that the induced birational maps g; : X --+ X; are morphisms. Let 0 < < 1 be a
real number such that

Kyig + (1= 20)(Exc(g)™™ + (1 — t) Exc(g)™) > K o
and let A == (g2, (1—6)(BExc(g)™™ +(1—t) Exc(g)™). Then 2 is klt. Let f : A' — A be

a Q-factorial terminalization of 2 with ambient variety X, whose existence is guaranteed
by Definition-Theorem 2.15, and let 2 := (A, e Exc(f)) for some 0 < € < 1.

We show that 2 and h = f o g satisfy our requirements. By Lemma 2.14, 2 is
terminal. By our construction, ¢; is Kgy-negative. Since h is Kg-negative, h; is Kg-
negative. Therefore we have
for some FE; > 0 that is exceptional/X; and Supp E; = Exc(h;). By [CHLMSSX25,
Theorem 2.1.1], we may run a Kg-MMP/X;

Q_[ -2 2[1"1 -=> Q[@Q i A 4 Q[i,j - ...
with scaling of ample divisor which either terminates, or the limit of the scaling numbers
is 0. In either case, there exists j; such that Ky, ; is a limit of movable/X; R-divisors.
Since Ky, ;, ~rx, Eij, where E;j is the image of E; on X j,, by [Birl2, Lemma 3.3], we
have F; ;, = 0. Thus X, ;, = X;. Finally, note that
(hi) 2 = ()2 = 2.
We conclude the proof. O

2.5. Finiteness of weak lc models.

Definition 2.19. Let 7: X — U be a projective morphism between normal quasi-
projective varieties. A tuple of nef/U b-Cartier b-divisors on X is of the form 9 :=
(M, ..., M,,) for some positive integer n where each M; is a nef/U b-Cartier b-divisor.
We define dim 9t := n. We define

a; € Rzo} .

a; € R} , Spang_ (M) := {Z a; M;

=1

n

Spang (M) := {Z a; M;

=1
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For any nef/U b-Cartier b-divisor N, we define (9%, N) := (My,...,M,,N).

Given a tuple 9 of nef/U b-Cartier b-divisors on X, let V' C Weilg(X) x Spang(9)
be a finite dimensional affine subspace, F a foliation on X, and ¢ € [0, 1] a real number.
We define:

‘/v(X7]:7t) = {Ql | A= (X,.F,B,M,t), (B,M) S V}
LVixry) ={2|2A=(X,F,B,M,t) € Vixry,2is lc, M € Spang_ (9M)}.
Ex(Vixry) = {4 A € LIVix,rp), Ka is pseudo-effective/U}.

Lemma 2.20. Let /U := (X, F,B,M,t)/U be a Q-factorial kit algebraically integrable
adjoint foliated structure such that B + Mx s big/U. Then there are finitely many Ky-
non-positive extremal faces of NE(X/U). Moreover, all these faces are contractible.

Proof. By [CHLMSSX25, Lemma 3.26] there exists an ample R-divisor A on X and a
klt algebraically integrable adjoint foliated structure 21'/U = (X, F,B',M’,t)/U such
that Ky ~py Kaw + A. Thus any Ky-non-positive extremal face of NE(X/U) is a
(Ko + 3A)-negative extremal face over U. By [CHLMSSX24, Theorem 1.3], there are
only finitely many (Ky + %A)—negative extremal rays over U, hence there are only finitely
many (Ko + 3 A)-negative extremal faces over U.

These faces are rational extremal faces by [CHLMSSX24, Theorem 1.3(4)], so each face
has a supporting function/U H such that H — (Ky + 3A) is ample/U. The existence
of the contraction follows from the base-point-freeness theorem [CHLMSSX25, Theorem
2.1.2). O

Theorem 2.21 (Finiteness of weak lc models). Assume that

o m: X — U is a projective morphism between normal quasi-projective varieties,

e M is a tuple of nef/U b-Cartier b-divisors,

e V is a finite dimensional rational affine subspace of Weilg(X) X Spang (90),

o F is an algebraically integrable foliation on X,

e ¢ €[0,1] is a rational number.

o C C L(Vixru) is a rational polytope, such that for any A := (X, F,B,M,t) € C,

2 is kit and B + My s big/U.

Then there are finitely many birational maps/U ; : X --» Z;, 1 < j < | satisfying the
following. For any A € C and any weak lc model A /U of A/U with induced birational
map : X --» Z, there exists an index 1 < j <1 such that ;o b= : Z -5 Z; is an
1somorphism.

Proof. By [CHLMSSX25, Theorem 2.5.2], there are finitely many birational maps/U ¢, :
X --»Y;, 1 <j <k satistying the following.

(1) For any 2 € C such that Ky is pseudo-effective/U, there exists an index 1 < j < k
such that (¢;).2/U is a Q-factorial good minimal model of 2/U.

(2) For any 20 € C and any Q-factorial minimal model 2y /U of /U with induced
birational map ¢: X --» Y, there exists an index 1 < j7 < k such that ¢; o
¢~1:Y --» Y] is an isomorphism.

Let

Cj = {<¢])*QL | K(¢j)*gl is nef/U, 2A e C}
Then C; C L((V)v,(¢;).F.p) for some V; C Weilg(Y;) x Spang(91). Since nefness is a
closed condition and C is a rational polytope, by [CHLMSSX25, Theorem 2.5.3], C; is a
rational polytope.
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Now for any 2 € C and any weak lc model /U of /U with induced birational map
v X --» Z, we let

S :={E | E is a prime divisor on X that is exceptional/Z, a(FE, 1) = a(F,2z)}.

By [CHLMSSX25, Theorem 2.2.3], there exists a birational morphism ¢ : 2’ — Z such
that 7" is Q-factorial and the divisors contracted by ¢ are exactly the divisors in S. Let
Ay = g*Az, then A, /U is a Q-factorial good minimal model of /U, hence the induced
birational map ¢ : X --» Z’ is ¢; for some 1 < j < k. Now the contraction g is a
contraction of a Ky, -trivial extremal face F in NE(Y;/Z) and 2 € C;. By linearity of
intersection numbers and since Ky is nef/U for any 2; € C;, there exists a vertex Ql? of
Cj such that I is a Kyo-trivial extremal face/U.

There are only finitely many indices j. For each j, there are only finitely many vertices
of C;. For each vertex Ql? of C;, by Lemma 2.20, there are only finitely many ng—trivial
extremal faces. Thus there are only finitely many possibilities of Z. O

3. SARKISOV PROGRAM

Let 2 and 2" be two outputs of two MMPs such that f: X — Z, f': X — Z" are Ky
and Ky-Mori fiber spaces respectively. This section we construct 21; and f; : X; — Z; by
induction.

3.1. Notation and set-up. First set up a roof 2y, for two adjoint foliated structures
2,2, such that after adding certain b-divisors, they are also good minimal models of 24yy.

Set-up 3.1. Ay, W, Fw, By, M, t,U, g, h, A, X, F, B)U X' . F' . B f, f', L, R, L, R, Aw (-, ),
K (+,-) are defined in the following way.

(1) Aw /U = (W, Fw,Bw,M,t) is a Q-factorial terminal algebraically integrable
adjoint foliated structure such that M is NQC/U and descends to W, and
teQnlo,1).

) g: W — X and ¢’ : W — X’ are projective birational morphisms/U.

) A= gy =: (X, F,B,M,t) and A’ := g/ Ay =: (X', F', B, M, 1).

) g and ¢" are Ky, -negative and X, X’ are Q-factorial.

) f: X — Zis a Ky-Mori fiber space/U and f' : X' — Z' is a Ky-Mori fiber

space/U.

(6) L (resp. R) is an ample/U R-divisor on X (resp. X') such that Ky + L ~g f*Ay
and Ky + R ~g f"* Az for some ample/U R-divisors Az and Ay

(7) L:= L and R := R.

(8) For any non-negative real numbers a, b, we denote by 2y (a, b) := (A, aL + bR)
and Kw(a, b) = me(fhb)'

The trivial case is that X = X'. Otherwise, we shift ({,7) in Ay (I,7) from (lo,r) =
(1,0) to (Iy,ry) = (0,1). Precisely, we construct 1 = lp > Il > -+ > Iy = 0 and
0=ro<r; <---<ry=1. For each (l;,r;), we construct h; : W --» X; by induction
with the following conditions satisfied.

Condition 3.2. Notation and conditions as in Set-up 3.1. h;, X;, 24;, 20;(-, ), K;(-,-), fi,
l;,ri, Z; are as follows:

(1) 0<l; <1land0<r; <1 are two real numbers.
(2) h; : W --» X is a birational map/U.
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(3) A = (h)«2w, Ai(a,b) == (h).Aw(a,b), and K;(a,b) = (h;)«Kw(a,b) for any
a,b > 0. In particular, K;(a,b) = Ky,ap)-
(4) fi: Xi = Z; is a Q-factorial Ky,-Mori fiber space/U.
(5) h; is Ky (l;,r;)-non-positive and ;(l;, r;) is Q-factorial klt. In particular, h; does
not extract any divisor.
(6) Ki(l;,r;) is nef/U and K;(l;,7;) ~r.z O.
From (l;,r;) to (lit1,7i+1), two Mori fiber spaces X; --» X; 1 are connected by a

Sarkisov link, defined as follows.

Definition 3.3. Let f; : X; — Z; and fiy1 @ X;01 — Z;11 be two Q-factorial Mori
fiber spaces. A Sarkisov link of Type 1 (resp. II, III, IV) between f; : X; — Z; and
fix1 : Xijo1 — Z;4q is of the following form:

Vo ?; X1 Vi e ?53) Vit X ¢ C Vit X, ¢> X1
Pit lfH_l pz'j lqz'ﬂ fit lQiJrl fit lfH_l
X; Ziy1 X Xit1 Zi Xit1 Zi Zi1
fi Al fi lfiJrl X lfiJrl ax Aiﬂ

Zi Zi — Zin Zi1 T
I 11 111 IV

Here p;, qiy1, i, Bir1 are contractions of relative Picard number 1, p;, ¢;11 are birational,
all diagrams commute, and ¢; is a sequence of flips with respect to certain adjoint
foliated structure. Moreover, if all maps and morphisms in the commutative diagram
are projective over a base U, then we call the Sarkisov links as Sarkisov links/U.

Suppose we have (I;,7;) and h; : W --» X;, then (l;41,7;,41) and other notations are
defined as follows.

Definition 3.4. Notation and conditions as in Set-up 3.1. Assume Condition 3.2 holds
for some @ € N. We define Cj, p; in the following way.

(1) C; is a general f;-vertical curve.
(2) p; is the unique positive real number such that Ry, =z p;Lx,. This is because

p(X;/Z;) =1, dim X; > dim Z;, and Ry,, Ly, are big/U.
(3) T is the set of all real numbers \ satisfying the following.

(a) 0< A<t

(b) For any divisor £ C W, we have

(¢) Ki(l; — A, ri + X) is nef/U.
(4) s;:=sup{y |y €T}
(5) li—l—l = lz — Sl and Tit1 ' =T + s;.
Before constructing Sarkisov links, we have the following lemma about the (;,r;).

Lemma 3.5. Notation and conditions as in Set-up 3.1. Assume Condition 3.2 holds for
some i € N. Adopt notations in Definition 3.4. Then we have:

(1) FEither I'; = {0} or T'; is a closed interval, and s; € T'.
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(2) lix1 = 1; if and only if i1 = r; if and only if s;41 = 0.
(5)) Qli(li+1,7’i+1) 1s klt.
(4) T C 0,1 —r;]. Moreover, ri1 <1, and if iy = 1, then ;41 = 0.

Proof. 1t is obvious that 0 € I'. The values of A which satisfy each of the three conditions
of Definition 3.4(4) form a closed and connected set in R>, and so is their intersection.
This implies (1) and (2) follows from (1).
(3) By Lemma 2.17 we have Qlw(li+1, Ti+1) > Qli(li+1, TiJrl), and Qli(lﬂ,l, Ti+1) is klt.
Assume that (4) does not hold, then 7,y > 1, or 7,47 = 1 and [;;; > 0. Then
A (liv1,741) is terminal as R, L descend to W. We have

0=z Ki(0,1) + ;11 Lx, + (141 — 1)Rx,.

Since Lx,, Ry, are big/U, p(Y;/Z;) = 1, and dim X; > dim Z;, Lx,, Rx, are ample/Z;.
Thus K;(0,1) is anti-ample/Z;. In particular, K;(0, 1) is not pseudo-effective. This is not
possible as

Kw(0,1) = Kay, +§"R = g" (Ko + R) ~r (f 0 g')" Az

is pseudo-effective, K;(0,1) = (h;).Kw(0,1), and h; does not extract any divisor. This
implies (4).
U

3.2. Construction of Sarkisov link. Notation and conditions as in Set-up 3.1. The
induction starts at X. Let hg == ¢, X0 = X, fo := f,Z0 = Z and |y := 1,19 := 0.
Furthermore, let 20y := A, Ao(a,b) := ¢.Aw(a,b), Ko(a,b) := g.Kw(a,b). Then Condition
3.2 holds for i = 0. We construct h;, X;,4;, 24;(-,-), K;(-,-), fi, li,7i, Z; for any i € N by
induction in the following way.

Ifs; < L—, there are two cases corresponding to Definition 3.4(3.b) and (3.c) respectively.

Construction 3.6. Notation and conditions as in Set-up 3.1. Assume Condition 3.2 holds
for some ¢ € N. Adopt notations in Definition 3.4. Suppose that s; < % Assume there
is a divisor £ C W such that for any 0 < € < 1, we have a(E, Ay (lix1 — pi€, ri01 +€)) >
G(E,Qli(li_i_l — M€, Ti41 + 6)) and Ki(li—i-l — W€, Ti41 + 6) is nef.

We construct hiy1, Xipr, i1, i1 (-, ), Kiva (-, +), fix1, i1, 7i1, Zipr and p;, V;, ¢;, and
possibly construct f;11,¢i11, Vir1 in the following way, so that Condition 3.2 holds for
i+ 1, and A;(l;1,741) and ;11 (li41,741) are crepant.

By our assumption, K;(l;11,7:41) is nef/U. By Lemma 2.17, we have Ay (li11,741) >
Q[i(li—&—l» ri+1) and Q[iai—&—h ri+1) is klt. Since F lies on W and CL(.E7 Qlw(li+1 — i€, T4 +€)) S
0 for any € > 0, it follows that a(E,;(l;+1 — pi€, riv1 +€)) < 0 for any € > 0, and hence

a(EJQ[i<li+1>Ti+1>> = hl(% a(Eami(lH-l — i€, T + 5)) <0.
e—

By Lemma 3.5, ;(l;41,741) is klt. By [CHLMSSX25, Theorem 2.2.3], there exists a
projective birational morphism p; : V; — X, such that Exc(p;) = E and V; is Q-factorial.
Since X; is Q-factorial, p(V;/X;) = 1. Pick 0 < 6 < ¢ < 1 and let

ﬁ[i = Q[i(li+1 — i€ — 5, Ti+1 + 6).
Since a(E, A;(lip1 — pie, 7is1 +€)) <0 and 0 < § < ¢, a(E,A;) < 0. Let

glvi = p:iiz
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Then ﬂvz is klt. Moreover, we have

Kﬁi =z, —(SLX
is anti-big/Z;, hence Ky, is not pseudo-effective/Z;, and hence Kﬁv. is not pseudo-
effective/Z;. By [CHLMSSX25, Theorem 2.1.1], we may run a Ky -MMP/Z; with

i+l

scaling of an ample divisor which terminates with a Mori fiber space of y,/Z;. Let
Ay, := pjAi(liy1,7i+1), then Ky, ~rz 0, so this MMP is Ky, -trivial. There are two
possibilities:

Case I. After finitely many flips ¢; : V; --+ X1, we obtain a Mori fiber space/Z;
fir1 + Xiy1 = Ziya. We have p(X;11/Z;41) = 1 and p(X;41/7;) = 2, so there exists a
non-trivial contraction ;41 : Z;41 — Z;. Then we obtain a Sarkisov link/U of Type I:

|/ — ¢ - X1

pij lfi+1
X Ziy1
Zi

We let h;yq : W --» X; 11 be the induced birational map, 20,11 := (hi11).:2w, Lir1(a,b) :=
(hiz1):2w(a,b), and K;i1(a,b) := (hiy1)Kw(a,b) for any a,b > 0. Other notations are
defined via Definition 3.4 for ¢ + 1.

Case II. After finitely many flips ¢; : V; --» V;1, we obtain a divisorial contraction
¢iv1 © Vien — Xip1. Then (giyq o </5z')*K§[V_ is not pseudo-effective/Z;, so the induced

contraction fi1 : Xiy1 — Zip1 = Z;is a Mori fiber space. Then we obtain a Sarkisov
link/U of Type II:

o

| F/ R > Vi

Pi j lqwrl
X Xit1

/| e
Zi > Zip

We let hiyq @ W --» X;; be the induced birational map, 211 = (hi1)«2Aw,
Air1(a,b) == (hiy1)™Aw(a,b), and K;11(a,b) := (hiy1)«Kw(a,b) for any a,b > 0. Other
notations are defined via Definition 3.4 for ¢ + 1.

Lemma 3.7. Condition 3.2 holds for i+ 1 for both Case I and Case I1.

Proof. By Lemma 3.5(3), we only need to check Condition 3.2(4-6). By our construction,
fir1 18 Kip1(lig1, mig1)-trivial, hence fiy1 is a Ky, ,-Mori fiber space as Lx,,,,Rx, , are
big. This implies Condition 3.2(4) for i + 1.

Because h; is Ky (111, ri+1)-non-positive, p; is Kmvi—trivial, and the induced birational
map W; --» V; does not extract any divisor, it follows that h;;q is also Ky (111, 7i11)-non-
positive. Since 2;(l;41,7;41) is klt, 2y, and ;41 (l;41,7:41) are klt. This implies Condition
3.2(5) for i + 1.
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Ki(liy1,7i41) ~r.z 0and K;(lis1,7i41) is nef/U, so Ky, ~rz 0and Ky, is nef/U, and
s0 Kiy1(liv1,7i41) ~rz, 0 and K;i1(li41, ri1) is nef/U. This implies Condition 3.2(6) for
i+ 1, and in particular, 2;(l;41,741), Ay, Aiv1(liv1,741) are crepant to each other. O

The following lemma tracks the discrepancies through Sarkisov links of type II, which
is necessary for showing termination of Sarkisov program.

Lemma 3.8. Notation and conditions as in Construction 3.6. Assume that we are in
Case I1I. Then for any ¢, ¢ > 0, we have the following.

(1) For any prime divisor F' over X,
CL(F, Q[iai—&-l - MiGl -9, Tit1 + 6/)) < G(F, le'+1(li+1 - Hz‘ﬁl — 0,711 + 6/))-
(2) There exists a prime divisor Fy over X, such that
G(Fo, Qli(lz‘+1 - sz/ - 5/, Tit1 + 6,)) < CL(FO, Q(i+1(li+1 - sz/ - 5’; Tiy1 + 6/))-

Proof. By Construction 3.6, we know that for some 0 < 0 < € < 1, (g;0¢;) is a sequence of
steps of a pf K;(li11 — pie — 0,141 + €)-MMP/Z;, and since this MMP contains a divisorial
contraction, it is not trivial. We have

. o,
Py G (L — pi€ — 6,141 + €) ~r 7 gpi Ki(liyr — pi€ — 0", 1m0 + €')

for any €, > 0. Therefore, (¢;110¢;) is a sequence of steps of a pf K; (11— i€’ =8, rip1+€)-
MMP/Z;, and since this MMP contains a divisorial contraction, it is not trivial. The
lemma follows. O

We need the following lemma for another construction.

Lemma 3.9. Notation and conditions as in Set-up 3.1. Assume Condition 3.2 holds for
some 1 € N. Adopt notations in Definition 3./.

Assume that s; < % and Ay (L1 — i€, mipr + €) > Ai(livr — pi€, riq1 + €) for any
0 < e < 1. Then A;(lix1 — i€, riv1 + €) is kit for any 0 < € < 1, and there ezists a
contraction «; : Z; — T; such that p(Z;)T;) = 1 and K;(l;41 — pi€, mi41 + €) is not nef/T;
for any € > 0. In particular, K;(lit1,7i41) ~r1; 0.

Proof. For any 0 < € < 1, since Ay (l;41 — pi€, mi41 + €) > Ai(li1 — ji€, 7301 + €) and
A (lis1 — pi€, riv1 + €) is terminal, A;(l;41 — pie, i1 + €) is klt. By our assumption,
K;(li1 — pi€, 741 +€) is not nef/U for any € > 0. By Lemma 2.20, there are finitely many
K;i(liy1,7i41)-trivial extremal rays in NE(X;/U), hence for any 0 < € < 1, there exists
a K;(l;41 — pie, riy1 + €)-negative extremal ray ¥; that is K;(l;41,7;41)-trivial. Note that
we can identify N;(X;/Z;) as a subspace of Ni(X;/U;) for each i. Let X! be the unique
extremal ray of NE(X;/Z;), then X} is K;(liy1 — pui€, Tip1 + €)-trivial for any e, so ¥ # %;,
and so ¥} and Y; span a 2-dimensional extremal face F' of NE(X;/U). By Lemma 2.20,
there exists a contraction X; — T; of ' which factors through Z;. We may let o; : Z; — T;
be the induced contraction. 0]

Construction 3.10. Notation and conditions as in Set-up 3.1. Assume Condition 3.2
holds for some 7 € N. Adopt notations in Definition 3.4. Suppose that s; < /i— Assume
that for all 0 < e < 1, we have K;(l;11 — pi€, ;11 + €) is not nef.

We construct hz‘+17 Xi+17 Q[i—&—la 2[2'4_1(', '), Ki+1(', '), fi+17 li—l—l; Tit1, Zi+1 and Qy, E, ¢i7 and
possibly construct £;11, ¢;11, Vit1 in the following way, so that Condition 3.2 holds for ¢+1,
and 2;(l;11,741) and ;11 (l;41,741) are crepant.
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By Lemma 3.9, there exists ¢y > 0, such that 2;(l;11 — pi€e, 71 + €) is klt for any
0 < € < €y, and there exists a contraction «; : Z; — T; such that p(Z;/T;) = 1 and
K;i(li1 — pie, ri1 + €) is not nef/T; for any 0 < € < ¢y. We define «;, T; as above.

Pick 0 < € < €. Since the generalized boundary of 20y (111 — i€, riv1 + €) is big/U,
the generalized boundary of 2;(l;11 — pi€, 741 + €) is big/U. By [CHLMSSX25, Theorem
2.1.1], we may run a K;(l; 11— i€, 741 +€)-MMP /T; with scaling of an ample divisor which
terminates. By Lemma 3.9, K;(l;+1,7i11) ~r1, 0, so this MMP is K;(l;+1, 7;41)-trivial.

There are three possibilities:

Case III. After finitely many steps of the MMP ¢; : X; --+ V;,; we obtain a divisorial
CODtI‘&CtiOH/ﬂ (07 ‘/’H-l — Xi+1. Then )O(Xz—&—l/,-rz) = 1and (Qi—l—loqbi)*Ki(li—s—l_,uie; Ti+1+
€) is not pseudo-effective/T;, so the induced contraction f;yq : X;11 — T; is a Mori fiber
space. Let Z;,1 := T;, then we obtain a Sarkisov link/U of Type III:

p epm— P > Vi
fiL lqiﬂ
Zi Xit1

\‘ lml

Zi+1

Welet hiyq : W --» X, ;1 be the induced birational map, ;11 := (hi11)«2w, Air1(a, b) =
(hig1)2Aw(a,b), and Ki11(a,b) = (hiy1)«Kw(a,b) = Ky, (ap) for any a,b > 0. Other
notations are defined via Definition 3.4 for ¢ + 1.

Case IV.1 After finitely many flips ¢; : X; --» X;11 we obtain a Mori fiber space/T;
fir1 : Xoo1 — Ziy1. Let Biyq 0 Z; 11 — T; be the induced contraction. Then we obtain a
Sarkisov link/U of Type IV:

@i
K i > Xi1

le lfi+1

Zi Zi-l-l
A Al
1;

We let hiyq : W --» X; 11 be the induced birational map, ;11 := (hi11):2w, Lir1(a,b) :=
(hiv1):2w(a,b), and K;i1(a,b) := (hiy1)Kw(a,b) for any a,b > 0. Other notations are
defined via Definition 3.4 for ¢ + 1.

Case 1V.2. After finitely many flips ¢; : X; --+ X;,1 we obtain a good minimal model
Q[i+1<li+1 — i€, Tiy1 + 6)/Tz’ of Q[i(liﬂ — i€, Tig1 + 6)/Ti- We let hipp : W --» X,y
be the induced birational map, ;11 := (hir1):2Aw, Aiy1(a,b) = (hiy1)™Aw(a,b), and
Kiii(a,b) := (hit1)«Kw(a,b) for any a,b > 0. Other notations are defined via Definition
3.4 for i + 1.

Let C! be the strict transform of C; on X;,;. By the projection formula, we have

Kivi(lign — i€, i1 +€) - Cf = K;(lig1 — i€, riga +€) - C; = 0.
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We claim that [C!] is an extremal ray in W@H /T;). Suppose not, then we take
generators 6,7 of two different extremal rays of NE(X;,1/T;), and we have [C!] = a[f] +
b[r] for some a,b > 0. Since K;;1(¢€) is nef/T;, we have

Kivi(liy1 — pi€,rigr +€) - 0 = Kip1(lin — pa€, g1 +€) - 7 =0,

which indicates that K11 (l;41 — i€, 7i41 + €) ~r 1, 0. However, since ¢; only consists of
flips, K;(lit1 — i€, rip1 + €) ~r1, 0, which is not possible.

Therefore, [C!] is an extremal ray in NE(X;,1/T;). By Lemma 3.9, K;(liy1,7:11) ~r1; 0
and K;(li11,741) is nef/U. Since h; is Ky (li41, 741)-non-positive and ¢; is K;(l;11,7i41)-
trivial, h;41 is Kw(lit1, 7i41)-non-positive. By Lemma 3.9, K;(l;41,7:41) ~rz, 0 and
Ki(li—l—la rz‘—l—l) is nef/U, SO Ki+1(li+1, Tz‘—l—l) ~R,T; 0 and Ki+1(li+1, Ti+1) is nef/U. By Lemma
3.5, Q[i(li—i-lari—i-l) is klt, SO Qli—l—l(li—&—ly?ﬂi—‘rl) is klt. Since R‘Xi+1 is blg/U, by Lemma 220,
there exists a contraction/T; fiy1 @ Xiv1 — Ziy1 of [Cl]. Let Biy1 @ Ziz1 — T; be the
induced contraction, and we obtain a Sarkisov link/U of Type IV:

bi
K i > Xi1

fil lfi+1

Z; Ziy1
k{ Al
T;

Lemma 3.11. Condition 3.2 holds for i + 1 for Case III and Case IV.

Proof. First check that Condition 3.2 holds for ¢ + 1 for Case III and Case IV.1. By
Lemma 3.5(3), we only need to check Condition 3.2(4-6).

By our construction, fii1 is a K;11(liv1 — i€, 741 + €)-Mori fiber space, hence f;q is
a Ky, ,-Mori fiber space as Ly, ,, Rx,,, are big. This implies Condition 3.2(4) for 7 4+ 1.

Since h; is Ky (li11, ri+1)-non-positive and ¢; is K; (111, riv1)-trivial, hypq is Kw (lig1, 7i1)-
non-positive. Since A;(l;1,741) is klt, ;11 (i1, 7541) is klt. This implies Condition 3.2(5)
for i + 1.

By Lemma 397 Ki(li+17 Ti—l—l) ~R,T; 0 and Ki(li+17 Ti—&—l) is nef/U, SO Ki+1<li+1, T’i+1) ~R,T;
0 and Kii1(lit1,7i11) is nef/U. This implies Condition 3.2(6) for ¢ + 1.

Then we check that Condition 3.2 holds for ¢ + 1 for Case IV.2. By Lemma 3.5(3)
and what we have discussed above, we only need to check Condition 3.2(4) for i + 1.
Since C; can be any general vertical/Z; curve on X, f;11 is a Mori fiber space. Since
fir1 18 Kip1(lig1, mi41)-trivial and Ly, ,, Ry, , are big/U, fi;1 is Ky, -negative, hence a
Ky, ,-Mori fiber space/U. This concludes Condition 3.2(4) for i + 1.

In all cases, A;(l;11,7i+1) and A4 1(li41,741) are crepant because ¢; is K;(lit1, 7i41)-
trivial. 0

The following lemmas track the discrepancies and p; through Sarkisov links of type III,
IV, which are necessary for showing termination of Sarkisov program.

Lemma 3.12. Notation and conditions as in Construction 3.10. Assume that we are in
Case IV.1. Then pit1 < p;.

Proof. We have

Koy, + liaLix,, + iRy, = Kiva(liv1, 7is1) ~roz,4, 0



18 Yifei Chen, Jihao Liu, and Yanze Wang

and
Koy H(ligr—pi€)Lix, H(ripire)Rx, = Kigi(lipn—pi€, riga+€) = (03) Ki(liy1—pi€, mi1+€)
is anti-ample/Z; ;. Thus

p“iLXi-H - R‘Xi+1 =Zi1 (:ul - /‘Li+1)LXi+1
is ample/Z; 11, S0 fiy1 < - O
Lemma 3.13. Notation and conditions as in Construction 3.10. Assume that we are in
Case 1V.2. Then:

(1) ¢; is not an isomorphism.
(2) piv1 = pi.
(8) For any prime divisor F' over X and any 0 < ¢ < 1,
a(F, Ai(lip1 — paie, Tiv + €)) < a(F, Aiga (livr — pi€, rin + €)).
(4) There exists a prime divisor Fy over X, such that
a(Fo, Ai(liv1 — pi€, rigr + €)) < a(Fo, s (livr — pe, i1 + €))
forany 0 <e < 1.
Proof. Since K;(l;41 — pi€, rip1 + €) is not nef/T; but (¢;)« K; (41 — pi€, riv1 + €) is nef/T;,
we get (1).
Let ¢; : Y — X, and ¢;11 : Y — X;41 be common resolution and let Cy be an
irreducible curve on Y such that 1;(Cy) = C;. Denote C/,; := 1;11(Cy). Then
0= Ki(lig1 — pri€, riy1 +€) - C; = Y7 Ki(liy1 — pi€, 741 +€) - Cy
= (¢i+1)*¢fKi(li+1 — i€, Tigp1 + 5) ) C£+1 = (¢z‘)*Ki(li+1 — i€, Tigp1 T 5) : Cz{+1
= (Kiy1(liv1,miv1) — piebix, + eRxyy ) - Ciy = (—pielix,,, + eRxyy) - Ciyy
= e(phiy1 — Mi)LXH»l ) Cz{+17
SO 4 = bi+1, which implies (2).
(3)(4) follow as ¢; is a sequence of steps of a K;(l;11 — pi€, riv1 + €)-MMP /U, and by
(1), ¢; is not an isomorphism. O

Finally, we provide the condition under which the Sarkisov Program terminates.

Termination 3.14. Notation and conditions as in Set-up 3.1. Adopt notations in
Definition 3.4.

If 5, = L—, then we stop the induction and let N =i+ 1 and Xy := X, Zy := Z; and
fN = fz : Xy — Zn. Note that lN = 0.

3.3. Termination of Sarkisov program. First we show that if the Sarkisov Program
stops, then the output Xy — Zy is X' — Z’ as desired.

Lemma 3.15. Notation and conditions as in Set-ups 3.1 and Termination 3.14. Then
In=0,rny =1, fn = f'. In particular, Xy = X' and Zy = 7.

Proof. Since Kn(0,7y) is nef/U and hy is Kw (0, ry)-non-positive, Ky (0,7y) is pseudo-
effective/U, hence we have g, Kw(0,ry) ~r 2z —(1 — ry)R is pseudo-effective/Z’. Thus
rnN = 1.

Let D be a sufficiently ample divisor on Xy and D := D. Since 2y is terminal and ¢’ is
Ky, -negative, A’ is klt, hence (A, R+ €D) is klt and ¢ is (Kq,, + Rw + Dy )-negative
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for any 0 < ¢ < 1. Since D is big/U, Dy is big/U, hence Dy is ample/Z’, and so
Ko + R+ eDx is ample/U for any 0 < € < 1. But hy is also (Ky,, + Rw + eDy)-
negative, hence both Xy and X’ are ample models/U of Ky, + Ry +€eDy. Thus hy = ¢/,
Xy = X' and Ky(0,1) = Ky + R ~g f*Az. Thus Kx(0,1) is a supporting hyperplane
of the unique extremal ray in NE(X'/Z'). Since Ky(0,1) ~gr_z, 0 and Zy # Xy, we
have fy = f' and Zy = Z'. O

Then we show that the Sarkisov program terminates in finitely many steps.

Lemma 3.16. Notation and conditions as in Set-ups 3.1. Assume Condition 3.2 holds
for any i € N. Then there are only finitely many possibilities of h;.

Proof. ;(1;,7;)/U is a weak lc model of 2y, (I;, ;) /U, so we are done by Theorem 2.21. [

Lemma 3.17. Notation and conditions as in Construction 3.6 and 3.10.

Then there exists ig € NT, such that l; = l;; and r; =1y, for any i > ig.

Proof. By Lemma 3.15, we may assume that [; > 0 for any . By Lemma 3.16, there exists
an infinite sequence of positive integers 79 < 4; < -+ < iy < ... such that h;; = h;_ for
any j, k. Thus [;; = [;, by the construction of /;; and [;, in Constructions 3.6 and 3.10.
By Constructions 3.6 and 3.10 again, we have that [; is a decreasing sequence and r; is
an increasing sequence, so l; = [;, and r; = r;, for any 7 > 1. O

Theorem 3.18. Notation and conditions as in Construction 3.6 and 3.10, after finitely
many Sarkisov links, the Sarkisov Program terminates. That is, Termination 3.14 1is
eventually reached.

Proof. Suppose it does not terminate and /; > 0 for all i. By Lemma 3.17, [ := [; and
r := r; are constants for ¢ > 0. By Lemma 3.16, there exists an infinite sequence of
positive integers ig < i3 < --- <1, < ... such that h;; = h;, for any j, k.

First, we suppose that ¢; is a Sarkisov link/U of Type I or II for any ¢ > 0. Since h;
does not extract any divisor, we have p(W/U) > p(X;/U) for any i. Therefore, for i > 0,
¢; is a Sarkisov link/U of Type II. By Lemma 3.8, there exists k£ > j and a prime divisor
Fo over X such that

CL(F(), Qllj(l — 5, 7”)) < CL(Fo,Q[ik(l — 5, T))

for any 0 < § < 1. This is not possible as 2; (I — 6,7) = 2A;, (I — 4, 7).

Therefore, there exists an infinite sequence of positive integers i, < ) < --- <), <...
such that qbi; is a Sarkisov link/U of Type III or IV for any j. By Constructions 3.6 and
3.10, we have that 24;(l,7) and ;1 (/,r) are crepant for any i > 0. Since ¢;, is a Sarkisov
link/U of Type IIT or IV for any j, by Lemma 3.8 for Constructions 3.6 and Lemma
3.12, Lemma 3.13 for Construction 3.10, Ay, (I — i€, 7+ €) > Ay, (I — e, r + €) for any
0 < e< 1, hence Ay (I — pie,r+€) > A;(l — pie, 7 +¢€) for any 0 < e < 1 and any i > 1y,
and so ¢; is a Sarkisov link/U of Type III or IV for any i > i[. Since p(X;/U) > 0 for
any 1, ¢; is a Sarkisov link/U of Type IV for any i > 0.

Since h;; = hy, for any j, k, ju;; = p;, for any j, k> 0. By Lemmas 3.12 and 3.13(2), ¢
is a Sarkisov link/U of Type IV.2 for any ¢ > 0. By Lemma 3.8, there exists & > j and
a prime divisor F{ over X such that

a(Fo, s, (I — pije, v +€)) < a(Fo, Az, (I — pie,r +€))
for any 0 < € < 1. This is not possible. 0
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4. PROOF OF THE MAIN THEOREMS

Proof of Theorem 1.3. Since ¢; is also a ((1 — s) Ky, + sKw + H)-MMP /U for some 0 <
s < 1 and ample R-divisor H, by [CHLMSSX25, Lemma 3.29|, after possibly replacing
Ay, we may assume that M is NQC/U, ¢t € [0,1), and 2 is klt. By Lemma 2.18, we
may assume that 2y, is Q-factorial terminal, the nef part of 2y descends to W, and
9,9 are Ky, -negative morphisms. Now we are in the setting of Set-up 3.1. Proceed the
construction as in Section 3, we are done by Theorems 3.18 and 3.15. U

Proof of Theorem 1.4. 1t is a special case of Theorem 1.3. U

Proof of Theorem 1.1. Kx is not pseudo-effective, so it is algebraically integrable by
[LLM23, Theorem 3.1] (essentially [CP19, Theorem 1.1]). Now Theorem 1.1 is a special
case of Theorem 1.4. U

Proof of Theorem 1.2. 1t follows from Theorem 1.1 and [Mas24, Theorem 1.1]. (Note
that [Mas24, Theorem 1.1] requires that the foliation is Q-factorial F-dlt rather than only
assuming that the ambient variety is Q-factorial klt. On the other hand, any output of
an MMP of a rank 2 foliated log smooth foliation on a threefold is Q-factorial F-dlt.) O
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